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AERODYNAMIC TORQUE ON A SPINNING SPHERICAL SATELLITE 

Calcula t ions  have revealed t h a t  a spinning sphe r i ca l  s a t e l -  

l i t e  moving through a r a r e f i e d  atmosphere experiences precess iona l  

to rque  a s  w e l l  a s  t he  expected "slow down torque." 

t h i s  i n v e s t i g a t i o n  i s  t o  determine t h e  angular  displacement of a 

gyroscopic  s a t e l l i t e  due t o  aerodynamics f o r  comparison wi th  t h e  s m a l l  

angular  displacement due t o  a genera l  r e l a t i v i t y  e f f e c t  descr ibed by 

Schi f f . '  

The o b j e c t i v e  of 

The a n a l y s i s  has shown t h a t  t he  d i r e c t i o n a l  movement of t h e  

sp in  a x i s  due t o  aerodynamic e f f e c t  i s  of such magnitude a s  t o  d i c t a t e  

t h e  a l t i t u d e  a t  which t h e  r e l a t i v i t y  experiment m u s t  be o r b i t e d  i n  

o rde r  t o  reduce t h e  angular  displacement i n  comparison wi th  t h e  5 t o  7 

sec o f  a r c  p e r  year  expected from the  Schi f f  e f f e c t .  

importance i s  the  f ind ing  t h a t  measurements of t h e  s a t e l l i t e  sp in  a x i s  

Also of g r e a t  

movement due t o  aerodynamics could be used f o r  accu ra t e  determinat ion 

of  t he  molecular accommodation c o e f f i c i e n t  i n  the  o r b i t a l  environment. 

S tudies  a r e  being made t o  determine the  b e s t  way t o  u t i l i z e  t h i s  new 

method t o  measure the  accommodation c o e f f i c i e n t  under a c t u a l  o r b i t a l  

cond i t ions .  Through the  use of var ious  ma te r i a l  su r f aces ,  su r f ace  

temperature ,  and su r face  roughness, a s e r i e s  of experiments t o  s tudy 

gas-sur face  i n t e r a c t i o n s  could be designed. 

A torque about  t he  center  of m a s s  o f  t h e  r o t a t i n g  sphere 

r e s u l t s  from the  sur face  i n t e r a c t i o n  of the  r a r e f i e d  gas  molecules .  

The s u b j e c t  of r a r i f i e d  gas dynamics and sur face  i n t e r a c t i o n s  can be 

found reviewed i n  r e fe rences  2 and 3 .  I n  t h i s  a n a l y s i s ,  the  accom- 

modation c o e f f i c i e n t  (a ) equals the  percentage of impinging molecules 

t h a t  a r e  d i f f u s e l y  r e f l e c t e d .  The remaining percentage (1-cu ) a r e  

d 
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specu la r ly  r e f l e c t e d  from t h e  sur face .  A t  the  o r b i t a l  a l t i t u d e s  of 

i n t e r e s t ,  the  flow is  f r e e  molecular and t h e  random o r  thermal motion 

of t he  molecules can be neglected i n  comparison wi th  the  o r b i t a l  

v e l o c i t y  of the  s a t e l l i t e .  Therefore ,  a l l  t he  molecules impinge on 

t h e  sur face  wi th  an i n i t i a l  v e l o c i t y  equal  t o  the o r b i t a l  v e l o c i t y .  

We a l s o  impose the  fol lowing r e s t r i c t i o n s ;  the  accommodation c o e f f i -  

c i e n t  i s  cons tan t  w i th  time and p o s i t i o n  on the s u r f a c e ,  a c i r c u l a r  

o r b i t  i s  f i x e d  wi th  r e s p e c t  t o  i n e r t i a l  space,  and a cons tan t  atmos- 

phe r i c  d e n s i t y  f o r  any one given o r b i t .  Although f u t u r e  work w i l l  

analyze the  e f f e c t  o f  removing the  above assumptions,  t he  r e s u l t s  

ob ta ined  he re  a r e  a f i r s t  order  approximation of  the  aerodynamic 

e f f e c t s .  The eva lua t ion  of the aerodynamic e f f e c t  seems t o  be s i m i l a r  

t o  the  a n a l y s i s  used by the  Nam Turn Po f o r  a p p l i c a t i o n  t o  a s a t e l -  

l i t e  having a l a r g e  sur face  area t o  mass r a t i o  and the  equat ions  f o r  

torque of both ana lyses  a r e  i n  agreement; however, w e  apply the  

a n a l y s i s  t o  an e n t i r e l y  d i f f e r e n t  s a t e l l i t e .  - 

2 

4 

The torque caused by gas  su r face  i n t e r a c t i o n s  was analyzed 

by viewing the  specu la r ly  and d i f f u s e l y  r e f l e c t e d  molecules sepa ra t e ly .  

The r e s u l t a n t  force  due t o  a specular  r e f l e c t i o n  i s  normal t o  the  

su r face .  Therefore ,  f o r  a sphe r i ca l  s u r f a c e ,  no torque about t he  center  

of mass resul ts  from s p e c u l a r l y  r e f l e c t e d  molecules.  For the  d i f -  

f u s e l y  r e f l e c t e d  molecules ,  we eva lua te  the torque i n  the  fol lowing 

way. F i r s t ,  the  fo rce  due t o  the impingment of  t he  molecule depends 

on the  angle  of the  su r face  t o  t h e  flow and i n  gene ra l  causes  a torque 

about the  center  of mass. Second, we take  i n t o  cons idera t ion  the 
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dynamical e f f e c t  of the  r e f l e c t i o n .  Af t e r  accommodation t o  the  s u r -  

f a c e ,  the  molecule i s  d i f f u s e l y  r e f l e c t e d  wi th  a v e l o c i t y  component 

normal t o  the su r face .  This  component r e s u l t s  i n  only a normal fo rce  

a s  requi red  by the  d e f i n i t i o n  of d i f f u s e  r e f l e c t i o n .  However, s i n c e  

the  molecules have been accommodated t o  the  su r face ,  each d i f f u s e l y  

r e f l e c t e d  molecule has  a l s o  a component of  v e l o c i t y  tangent  t o  the  

su r face  and equal  t o  the  angular v e l o c i t y  of  the sur face  a t  t h e  po in t  

of r e f l e c t i o n .  Therefore ,  t h e  d i f f u s e l y  r e f l e c t e d  molecules cause a 

normal fo rce  Mhich produces no torque and a t a n g e n t i a l  force  which 

produces a torque p ropor t iona l  t o  the  angular  v e l o c i t y  of the su r face  

a t  the po in t  of  r e f l e c t i o n .  It i s ,  i n  f a c t ,  t h i s  mechanism which 

produces no t  only the  expected "slow down torque" but  a l s o  the  pre- 

ce s s iona l  torque which causes  the d i r e c t i o n a l  movement of  the  sp in  

a x i s .  

The coord ina te  systems t o  be  used i n  the  a n a l y s i s  a r e  

shown i n  F igs .  1 and 2 .  The X ,  Y .  Z a x i s  i s  the i n e r t i a l  s e t  with Z 

toward P o l a r i s  and X a long the  ve rna l  equinox. The x ,  y ,  z coordi-  

n a t e  system i s  a t t ached  t o  t h e  o r b i t  w i th  t h e  z a x i s  normal t o  t h e  

o r b i t a l  plane and the  x a x i s  as  t h e  ascending node of t h e  o r b i t .  

The xs, ys, zs se t  i s  a t t ached  t o  t h e  gyro and the  x 

thought of a s  the  l i n e  formed where the  plane normal t o  the  sp in  a x i s  

intersects  the  o r b i t a l  p lane .  

a long the  x , y , z  and x 

f i g u r e s  i s  the gas  flow ve loc i ty  vec tor  which i s  always i n  the  x , y  

p lane  and can be thought t o  r o t a t e  about t he  cen te r  of  the  s a t e l l i t e  

a x i s  can be 
S 

i , j , k ,  and i , j S , k  

ys ,  z s  axes r e s p e c t i v e l y .  

a r e  u n i t  vec to r s  

Also shown i n  the  

S S 

S Y  
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orbital plane 1 
(Normal to 

Z (Polaris) 

/ 
/ 

/ 

X 
(Line of nodes) X 

(Vernal Equinox 1 

Fig. 1 Arrangement of Co-ordinate Systems 
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X S  F i g .  2 Co-ordinate Systems Transported to a Common Or ig in  
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a t  the  o r b i t a l  angular  ve loc i ty .  

t h e  o r b i t a l  path a t  a l l  t i m e s .  

The v e l o c i t y  vec tor  i s  tangent  t o  

F ig .  3 i l l u s t r a t e s  t he  s p h e r i c a l  

coord ina te  system ('f),%,R) used t o  i n t e g r a t e  over the  surface of  t h e  

sphere.  

o t h e r  angles  shown i n  the  f igu res  a r e  def ined  as follows: 

The angles  7 and 5 a r e  measured i n  the  x ,y , z  system. The 

8 = angle  between s a t e l l i t e  sp in  a x i s  and the normal 
S t o  o r b i t a l  p lane .  

@s = angle  between s a t e l l i t e  " l i n e  of nodes" and l i n e  
of nodes of  o r b i t .  

8 = angle  between the normal t o  o r b i t a l  p lane  and 2 
a x i s  of  t he  i n e r t i a l  system. 

@ = angle  of nodes of o r b i t .  

(y = angle  between negat ive gas  flow v e l o c i t y  vec to r  and 
the  o r b i t a l  l i n e  of nodes. 

The mass f l u x  o f  gas  molecules impinging upon an element of  

su r face  dA i s  I 

p v . n d A  
- 

where p i s  the  atmospheric dens i ty  a t  t h e  o r b i t a l  a l t i t u d e ,  V i s  the  

v e l o c i t y  vec tor  equal  t o  the  o r b i t a l  v e l o c i t y ,  and n i s  the  normal 

t o  the  su r face  a rea  dA. 

- 

Since only  the  d i f f u s e l y  r e f l e c t e d  molecules e n t e r  i n  the  

torque  a n a l y s i s ,  w e  ignore  the  specu la r ly  r e f l e c t e d  ones.  

i ng  molecules e x e r t  a torque 

The imping- 

- -  
- (RxV) wd (p;f - n dA) . 

The r e f l e c t i n g  molecules e x e r t  a torque 

- 
where R i s  the  s p i n  vec tor  of the gyro and E i s  the r ad ius  vec tor  t o  
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F i g .  3 Co-ordinate System Used for Surface  I n t e g r a t i o n  
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t h e  su r face  from the  center  of mass. The elemental  torque dx pro- 

duced by t h e  complete i n t e r a c t i o n  i s  then the  sum of t h e  above expres- 

s i o n s ,  i . e . ,  - - -  - -  
dL = - cyd CRx(V - ~ x R )  (pV n dA)] . 

Refe r r ing  now to  F i g s .  2 and 3 w e  d e f i n e  the  fol lowing vec to r s  and 

terms J 

- 
n = nks = n s i n  e s i n  t$ i - Rsin 8 cos ds j + n COS O s  k 

S S S - 
V = -V cos ai  - V s i n  j 

2 dA = R s i n  7 dT 
- 
R = R s i n  7 cos 5 i + R s i n  7)  s i n  E j + R cos 'f~ k 

R = r ad ius  of sphere 

n = s i n  7 cos 5 i + s i n  TI s i n  5 j + cos n k. 
- 

- 
We s u b s t i t u t e  t hese  vec tors  i n t o  t h e  express ion  f o r  dL and i n t e g r a t e  

over  only the  su r face  a r e a  i n  the  v e l o c i t y  stream. This  i s  accom- 

p l i shed  by f i r s t  i n t e g r a t i n g  over 17 from 0 ton. We then i n t e g r a t e  

TT Ti 

2 2 over  5 from cy - - t o  cy + - because cy def ines  the  d i r e c t i o n  o f  t he  

v e l o c i t y  vec tor  v.  Afte r  i n t e g r a t i o n  the  ins tan taneous  torque reduces 

t o  a func t ion  of the  angles  cy, 8 and as.  
X' 

where 

L = - L ~  [ s i n  e s i n  ( s i n  2 cy + 2) + s i n  B s  cos 8 ( s i n  cy cos a)]i 

+L [ s i n  o s  s i n  # ( s in  cy cos a) + s i n  Q s  COS dS(cos  2 [Y + 21% 
S S S 

0 S 

+3L [cos 8 ]k 
0 S 

4 
n .  4 Lo = a d  

I f  w e  now cons ider  the o r b i t  f i xed  i n  i n e r t i a l  space,  t h e  

problem i s  s i m i l a r  t o  t h e  c lass ic  top  o r  gyro problem where the  torque 
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i s  def ined wi th  respect t o  a nonmoving frame. To f i n d  the  r e s u l t i n g  

motion of  the  sp in  a x i s  under the a c t i o n  of the above torque ,  we m u s t  

f i r s t  f i n d  i t s  components i n  the xc,ys,zs system. The torque r e f e r r e d  
I - 

t o  i n  t h i s  system, Ls, becomes 

2 2 - 
L = L [ s ines  si%s cosm (cos CY - s i n  Q> + s ine  siw cosm 

S 0- v s  - S 
( s i n  2 G~ - cos 2 ~ , > l i ,  

+ L [ s ine  cose cos 2 q, (cos 2 ~ 4 - 2 )  + s ine  cosess in  2 a s ( s i n  2 cy t2)  
0 S 8 S S 

+ 2 s i n e s  case si* cos@ siw cosw - 3 cases s inBsJ js  
S S S 

+ ~ ~ r - 2  s i n  2 es s in@ cos@ siryr cosa - s i n  2 e s  cos 2 (cos 2 d 2 )  
S S S 

- s i n  2 e S  s i n  2 @s(s in  2 d 2 )  - 3 cos 2 es]ks 

Since the  sp in  r a t e  of the gyro w i l l  be much higher  than 

t h e  angular  movements of t h e  spin a x i s ,  the  E u l e r  equa t ions  can be 

s i m p l i f i e d  by neg lec t ing  terms of small  magnitude. The movement of 

the  s p i n  a x i s  i s  then def ined  by the following: 

L 

X 
L 

S as s i n  e s  = 

where L and L a r e  t h e  y and x components of torque,  respec-  
X S S 

YS S 

t i v e l y ,  and I i s  the  moment of i n e r t i a  about  t h e  sp in  a x i s .  Therefore ,  

the angular  displacement f o r  any t i m e  t becomes 
T 



10 

Now, f o r  a c i r c u l a r  c r b i t  ~y = CJ? t where w i s  the  cons tan t  
0 0 

o r b i t a l  angular  v e l o c i t y .  Therefore ,  

cia! = dw t = wodt 
0 

When t = 0 say  cy = 0 and when t = T = t i m e  over which measurements a r e  

made, cy = 2nn, where n i s  t h e  number of  completed o r b i t s  i n  the  t i m e  

T.  Therefore ,  

L 
xs AiY 

2nn 

0 
s i n  0 fhl w . 

S 
% = s 

0 

Looking now a t  the  express ions  f o r  L and L we note  t h a t  t he  func- 
X 

YS S 

t i o n s  of  (Y a r e  pe r iod ic  wi th in  the  r angeOto2n .  We can then express  

t h e  i n t e g r a l s  from 0 t o  2nR as  n t i m e s  the  i n t e g r a l  from 0 t o  2n. 

A l s o  contained i n  t h e  express ions  f o r  0 and 6 a r e  terms conta in ing  
S S 

t h e  t r igonometr ic  func t ions  of 0 and as.  However, s i n c e  the change 
S 

i n  8 and @ S S 
i s  smal l  over the t i m e  of i n t e r e s t ,  t he  t r igonometr ic  

func t ions  of these  ang le s  can be considered cons tan t  dur ing  i n t e g r a t i o n .  

Therefore ,  

2rr 
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e 
Now , 

211 
J Lx & = O  
0 S 

whi le  

- L & = nL s i n  0 cos  8 . 
0 S S ys 

s2" 
0 

Therefore ,  
nnL 

0 

0 

s i n  0 cos 0 A Q S  = y&- S S 

and t h e  movement of the  sp in  ax i s  i s  a precession causing the sp in  

a x i s  t o  move i n t o  t h e  plane of t he  o r b i t  i f  i n i t i a l l y  o u t  of t h e  

plane.  However, no precession e x i s t s  i f  t he  sp in  a x i s  i s  i n i t i a l l y  

perpendicular  t o  t h e  o r b i t a l  p ane (0 = 0) o r  i f  t h e  sp in  a x i s  i s  

i n  t h e  o r b i t a l  plane (e = n/2 . 
when B S  = n/4. 

s p i n  r a t e  ha i s  not  contained i n  the  r e s u l t ,  

S 

The maximum value  of Aes occurs  
S 

We now s u b s t i t u t e  t h e  express ion  f o r  L and note  the  
0 

Now, f o r  a s o l i d  sphere made of  m a t e r i a l  d e n s i t y  p t he  moment of 
S Y  

i n e r t i a  i s  5 I = -  n R  . 
15 's 

Also ,  V, t he  o r b i t a l  v e l o c i t y ,  can be expressed a s  

V = R w  
0 0  

where R i s  the  r ad ius  of t h e  o r b i t  measure from t h e  c e n t e r  of  t he  

e a r t h .  With these  s u b s t i t u t i o n s  

0 
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R 

R S “s - 64 p, 2 s i n  28 . - 

The f i n a l  expression i s  seen t o  be a func t ion  of va r ious  

parameters bu t  only two, p and 8 a r e  of any importance i n  reduc- 
S ’  

i n g  o r  i nc reas ing  A0 . 
+3O of the  o r b i t a l  p lane) ,  A0 i s  reduced by an o rde r  of  magnitude 

of i t s  maximum value a t  8 = n / 4 .  The e f f e c t  of atmospheric d e n s i t y  

i s  b e s t  i l l u s t r a t e d  by choosing, a s  a b a s i s  f o r  c a l c u l a t i o n ,  a s o l i d  

g l a s s  sphere of one f o o t  diameter and t ake  cy 

I f  87’ < B s  < 9 3 O  ( the  sp in  a x i s  between 
S 

s - 

s 

= 1, B s  = n / 4 .  Therefore ,  
d 

3 3 
= 2.2 x10 kg/m 

P S  

R = 1 / 2  f t  = 1.5  x 10 -1 m . 

v e r s u s  a l t i t u d e  f o r  a one year *e  S 
With t h e s e  cons t an t s ,  w e  p l o t  

experiment.  

sunspot cyc le  was used a t  the given a l t i t u d e .  (See Fig.  4 )  

cy s i n  20 

The maximum atmospheric d e n s i t y  occuring dur ing  an average 

5 

Through the  range of a l t i t u d e  from 100 t o  1000 m i l e s ,  the  

d e n s i t y  decreased by s i x  orders  of  magnitude. The e f f e c t  of o t h e r  

parameters i s  s m a l l  compared to t h i s ,  and t h e  angular  displacement 

then  a l s o  decreases  by many orders  of  magnitude a s  seen i n  the  p l o t .  

By using a 500-mile o r  h ighe r  o r b i t  and r e t a i n i n g  t h e  sp in  a x i s  

wi th in  23’ of  the  plane of the o r b i t ,  t h e  angular  displacement can be 

kep t  an o rde r  of magnitude l e s s  than t h e  Sch i f f  e f fec t . ’  

hand, an o r b i t  below 300 miles  w i l l  cause the  aerodynamic e f f e c t  t o  

On the  o t h e r  

dominate and a f f o r d  accu ra t e  determinat ion of t h e  accommodation 

c o e f f i c i e n t  . 
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U 

\ 
n = Number of orbits in year. 
P,= Density of glass sphere 

=2,2 i<g/m3 
R,=Radius of orbit. 

R =Radius of sphere =1/2 f t .  
P =Gas density. 

13 

Orbital alt i tude ( miles 1 

vs Altitude s 
Fig. 4 Results of Analysis; ad sin 20 

0 
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To measure t h e  accommodation c o e f f i c i e n t  w e  merely f i n d  the  

r a t i o  between the  measured A8 = 1. 

This  r a t i o  i s  equal  t o  t h e  a c t u a l  cy f o r  t he  s a t e l l i t e  which w i l l  

range from zero  t o  un i ty .  This i l l u s t r a t e s  b a s i c a l l y  how t h e  

accommodation c o e f f i c i e n t  could be measured under a c t u a l  o r b i t a l  

cond i t ions .  The accuracy o f  the measurement would depend on the  

accuracy wi th  which the  o t h e r  parameters could be measured. 

parameters ,  t h e  atmospheric dens i ty  ( p )  i s  t h e  l e a s t  accu ra t e .  

However, 8 

t h e  Coordinated Science Laboratory 

(ps ,  R ,  Roy and n )  can be measured t o  a t  l e a s t  one p a r t  i n  one 

thousand. Therefore ,  accommodation c o e f f i c i e n t  could be made t o  a t  

l e a s t  one p a r t  i n  one hundred. At t h e  lower a l t i t u d e s ,  t h i s  accuracy 

could be r e a l i z e d  i n  a t i m e  much less than a year .  

t o  t he  ca l cu la t ed  Des with  (y 
S d 

d 

O f  those  

w i l l  be known t o  a s ec  of  a r c  by the  method proposed by 
S 

6 and t h e  o t h e r  parameters 
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13 ABSTRACT 

Calcu la t ions  have revea led  t h a t  a spinning s p h e r i c a l  sa te l l i t e  moving 
through a r a r e f i e d  atmosphere experiences p recess iona l  torque as w e l l  as 
the  expected "slow down torque."  The o b j e c t i v e  of t h i s  i n v e s t i g a t i o n  i s  
t o  determine t h e  angular displacement of a gyroscopic s a t e l l i t e  due t o  
aerodynamics f o r  comparison with the s m a l l  angular  displacement due t o  a 
genera l  r e l a t i v i t y  e f f e c t  descr ibed by S c h i f f .  The a n a l y s i s  has shown 
t h a t  t h e  d i r e c t i o n a l  movement of the  s p i n  axis due t o  aerodynamic e f fec t  
i s  of  such magnitude as t o  d i c t a t e  t h e  a l t i t u d e  a t  which t h e  r e l a t i v i t y  
experiment must be o r b i t e d  i n  order  t o  reduce t h e  angular  displacement i n  
comparison wi th  t h e  5 t o  7 sec of arc per  year  expected from the  Sch i f f  
e f f e c t .  Also of g r e a t  importance is  t h e  f ind ing  t h a t  measurements of t he  
s a t e l l i t e  s p i n  a x i s  mcvement due t o  aerodynamics could be used f o r  accu- 
rate de termina t ion  of t h e  molecular accommodation c o e f f i c i e n t  i n  t h e  
o r b i t a l  environment. S tud ie s  a r e  being made t o  determine t h e  b e s t  way t o  
u t i l i z e  t h i s  new method t o  measure the  accommodation c o e f f i c i e n t  under 
a c t u a l  o r b i t a l  cond i t ions .  Through t h e  use of va r ious  material s u r f a c e s ,  
s u r f a c e  temperature,  and su r face  roughness,  a ser ies  of experiments t o  
s tudy gas-sur face  i n t e r a c t i o n s  could be designed. 


